Recent experiments show that an atomic step on the surface of atomically thin metallic films can strongly affect electronic transport. Here we reveal multiple and versatile effects that such a surface step can have on superconductivity in ultrathin films. By solving the Bogoliubov-de Gennes equations self-consistently in this regime, where quantum confinement dominates the emergent physics, we show that the electronic structure is profoundly modified on the two sides of the step, as is the spatial distribution of the superconducting order parameter and its dependence on temperature and electronic gating. Furthermore, the surface step changes non-trivially the transport properties both in the proximity-induced superconducting pair correlations and the Josephson effect, depending on the step height. These results offer a new route to tailor superconducting circuits and design atomically thin hetero-junctions made of one same material.
I. INTRODUCTION
Over the last decade, atomically thin films were found to exhibit rich superconducting phenomena, often not achievable in their bulk counterparts [1] [2] [3] [4] [5] . This field of research was opened by discovery that Pb, In and Ga films can retain superconductivity down to thickness of few atomic monolayers [6] [7] [8] [9] [10] , in spite of expected detrimental effects of thermal and/or quantum fluctuations 11, 12 . More recent discoveries include a strong enhancement of critical temperature T c in the one-unit cell thick FeSe films on SrTiO 3 , above 100 K compared to 8 K of the bulk FeSe 13 ; the monolayers of NbSe 2 exhibit spin-momentum locking effect leading to a very high in-plane critical magnetic field 14 ; the monolayer Tl-Pb compound hosts giant Rashba spin-split states, potentially useful for superconducting spintronics. In all such crystalline and atomically thin materials superconductivity is known to be strongly affected by quantum confinement, leading to observable thickness-dependent quantum size effects 6, [15] [16] [17] [18] [19] [20] [21] [22] and distinctly different electronic properties. Understanding and controlling these is the key to engineering electronic devices with novel functionalities.
Recently, a step on the surface of atomically thin films, even if just one atom high, was found to strongly influence the electronic transport. Such surface steps not only change the overall electronic structure of the film, but also affect the range of proximity-induced superconducting correlations and the interplay of superconducting currents. Refs. 23 and 24 have demonstrated that an atomic surface step disrupts superconductivity, blocks supercurrents, pins Josephson vortices, and works as an intrinsic Josephson junction. Furthermore, the surface step was recently found to terminate the propagation of the proximity-induced superconducting pair correlations 25 . Therefore, engineering the atomic steps on the surface of crystalline films is a definite new route to optimize and manipulate the superconducting properties or device performance at and below nanoscale.
In this paper, we show that above-mentioned effects are only some particular examples, as a surface step actually exhibits a multifaceted influence on the electronic, superconducting and transport properties of atomically thin films. Due to the interplay between the quantum confinement effects and the scattering induced by the surface step, we find that physical properties on two sides of the step can be qualitatively and quantitatively different for both normal and superconducting state of the film. In addition, the transport is also affected by quantum resonances related to film thickness, with performance characteristics tunable by the height of the step on the surface. Our findings not only improve the understanding of the role of surface steps in superconductivity but also facilitate the further design of atomic-scale superconducting quantum devices.
The paper is organized as follows. Our theoretical formalism is outlined in Sec. II. Sec. III comprises the results of our numerical simulations of both stationary and transport properties of the superconducting films with nanoengineered surface steps, and ideas on local manipulation and fabrication of versatile junctions using surface steps. Sec. IV is devoted to the discussion on possible refinements of the model, and where and to which extent those refinements are expected to affect the main results of our calculations. The summary and a brief outlook are given in Sec. V.
II. THEORETICAL FORMALISM
We employ the Bogoliubov-de Gennes (BdG) formalism, proven effective to study the interplay between superconducting phase and the quantum confinement effect in nanoscale samples 15, 16, 26, 27 . Disorder, with its known scattering effects 28, 29 , was not considered in this study, based on the experimentally shown robustness of the quantum-size effects in ultrathin Pb films 30, 31 . The BdG equations are written as:
where
is the kinetic energy with U being the one-particle potential and E F the Fermi energy, u n (v n ) are electron(hole)-like quasiparticle eigen-wavefunctions, and E n are the quasiparticle eigen-energies. The pair potential ∆( r) is determined self-consistently from the eigen-wavefunctions and eigenenergies as:
where g is the coupling constant, E c the Debye cutoff energy, and
We consider a laterally extended film with a surface step, schematically depicted in Fig. 1(a) . The thicknesses of the left and right side of the step are labelled D and d, respectively. We require that the wavefunctions u n ( r) and v n ( r) decay exponentially in the vacuum outside the film, by setting the potential to a large value, e.g. U ( r) = 20E F . Under this condition, we solve the BdG equations (1)- (3) self-consistently by expanding u n and v n in terms of plane waves. Then, periodic boundary conditions are automatically used in all (x, y and z) directions. It means that, in the x direction, there will another step on both sides of the film. In order to overcome the influence of the periodic images of the step, we consider a very long sample (> 100 BCS coherence lengths ξ 0 ) so that the interaction between the periodically repeated steps is negligible. In the y direction, the very high on-site potential U ( r) prevents any interaction with periodic images of the sample.
Since there exist by now a large variety of ultrathin superconducting structures, e.g. made of Pb, In, Ga, NbSe 2 , we chose to keep the calculations generic and not include the specific band-structure of each material. Instead, we considered an isotropic quadratic dispersion and confirmed that the shown features remain robust for a wide range of parameters, i.e. k F ξ 0 = 2E F /π∆ 0 ≈ 10 − 60, where k F is the Fermi wave vector, ξ 0 and ∆ 0 are the coherence length and the bulk superconducting gap at T = 0, respectively. Thus, without loss of generality, we set the parameters to: effective mass m = 1.5m e (m e is the electron mass), k F ξ 0 ≈ 30 and E c /∆ 0 ≈ 10.
III. RESULTS
A. Effect of the surface step on normal-state properties
Since any effect of the surface step on electron wave functions may further manifest in the superconducting order parameter, we first examine the normal-state electronic structure, obtained by solving the single-electron Schrödinger equation, i.e. K 0 φ l ( r) = E l φ l ( r). We found that the normal-state electronic structure is well characterized by the spatial average of the LDOS (DOS) over D and d sides of the step. As an exemplary case, Fig. 1(b) shows the DOS of both sides for D/d = 10/7. The film exhibits the standard 2D DOS of quantum wells on either side of the surface step, but with different characteristic energies, i.e. a staircase in DOS is observed at energies E j and E ′ j ′ on the corresponding side of the step. Note that
when the on-site potential U → ∞ outside of the sample. The calculated 2D DOS structure proves that our sample is sufficiently long so that the interaction between the periodically repeated steps is negligible, since no resonance peaks in DOS are observed. To understand what causes the staircase behavior in DOS at energies E j and E ′ j ′ , we examine also the normal state wavefunctions. We find that the resulting normal states can be grouped into three classes [exemplified in Fig. 1 (b)]: with probability density concentrated on thicker side (class I), on thinner side (II), or densities mixed across the step (III).
The states of class I (II) are similar to the quantumwell states. They emerge abruptly at threshold energies E j (E ′ j ′ ), and are responsible for the staircase rise of DOS [c.f. the color coding in DOS in Fig. 1(b) ]. As a result, the electronic properties on one side of the step on the surface can be very different from those on the other, especially when the Fermi energy is close to E j or E ′ j ′ . At higher energy, the states of class I and II increasingly mix, and states of class III dominate the DOS. Therefore the difference in DOS at the surface step becomes negligible for j, j ′ → ∞, and homogeneous electronic properties in the film are recovered. In other words, the surface step is particularly important for atomically thin films, and the peculiar electronic structure in that case is the consequence of the interplay between different quantum confinement effect on two sides of the step and the electron scattering at the surface step.
B. Superconducting properties and tunability of the system
After understanding fundamental normal state properties of the system, we turn to the analysis of the superconducting state. We first calculated the spatial average of the superconducting order parameter on two sides of the step, namely∆ D and∆ d . Fig. 2(a) ].
The order parameter is not only sensitive to thickness D and d, but can also be broadly tuned by the shift of Fermi energy E F , via e.g. field effect ionic gating 32 (note however that the effect of ionic gating in reality could be more diverse than a mere change of E F 33,34 ). Fig. 2(b) shows the evolution of∆ D and∆ d with varied E F , for D = 1.7λ F and d = 1.4λ F . As seen,∆ D and∆ d alternately dominate each other with changing E F , as a consequence of normal state DOS being composed of staircase functions. Compared to the case 2 at
This feature is clearly seen in the contour plots of |∆(x, y)| in Fig. 2(c) for the three selected cases. The noticeable Friedel-like oscillations on the scale of λ F in the vicinity of the step are due to the redistribution of charges, as discussed in Refs. 35-37. Note that the spatial distribution of the order parameter, |∆(x, y)|, can be strongly affected by the microscopic inhomogeneities such as the atomic structure, disorder and other. However, the described effect of the surface step will remain present and distinct. In other words, the difference between the |∆(x, y)| before and after the surface step would remain instructive, even though the details would change.
Employing the above features, one can realize S-S', S- N' and N-S' junctions (S,S' denote different superconductors, N and N' normal metals) in one same film with atomically defined step in thickness, nearly at will. In Fig. 2(d) we provide a schematic diagram for such tuning, done by changing chemical potential and/or temperature. Due to different Andreev reflection and proximity effect in these three types of junctions, different electrical conductance can be realized, or used in thermal or electronic sensors. Additional functionalities of the device can be achieved in case of two (or more) steps on the film surface, in close proximity to each other. Although similar tuning is feasible via proximity effect in SS bilayer structures 38 , our findings enable realization of multi-functional devices made of one same film, at the ultimate minimization of scale.
C. Effect on transport properties -proximity and Josephson phenomena
To reveal more facets of the influence of surface step on superconductivity in ultrathin films, we studied transport properties in the system. Motivated by the recent experiment of Ref. 25 , we study how the proximityinduced superconducting pair correlations change when crossing the step in thickness. Since this is a system comprising superconducting and normal metal part, it is 
where C( r) are the superconducting pair correlations. The coupling constant g( r) is now spatially dependent, since it falls to zero in the normal metal part. The results are presented in Fig. 3 , for the case where the step itself is in the normal state, and superconducting correlations originate from distance 0.6ξ 0 away from the step (i.e. g(x > −0.6ξ 0 ) = 0). We find that superconducting transport from thicker to the thinner side of the film (D > d) strongly differs from the opposite case (D < d), due to different scattering induced by the surface step. Fig. 3(a) shows comparatively the contourplots of order parameter near the step for cases D > d, D = d, and D < d. The normal state region is at x > −0.6ξ 0 , and pair correlations is expected to decay with increasing x. However, when D > d, the pair correlations are locally enhanced by reflection from the surface step, and exhibit pronounced oscillations in the film between the S-N interface and the surface step -notably different from the case D = d. Surprisingly, the pair correlations beyond the surface step (x > 0) are also enhanced compared to the D = d case. This is different from the observations in Ref. 25 , where the surface step terminated the propagation of the proximity-induced pair correlations. On the other hand, for D < d, the pair correlations seem to decrease strongly beyond the surface step. To visualize these features more clearly, we plot in Fig. 3(b) the pair correlations integrated over the thickness [F (x) = ∆(x, z)dz] as well as the maximal local value of ∆(x, z) [P (x)] for each x, for the three cases considered in Fig. 3(a) . We find that F (x) is abruptly suppressed when crossing the surface step for D > d whereas it does not change for D < d, compared to the case of D = d. The behavior of P (x) is opposite from F (x) as seen also in Fig. 3(a) , where P (x) is enhanced when crossing the surface step for D > d whereas it is suppressed for D < d, compared to the case of D = d. Note that oscillations in F (x) and P (x) are not due to the numerical accuracy but appear due to scattering at the interface and are pronounced in the thicker part of the sample.
In Fig. 3 Our results show that the effect of the surface step on the proximity-induced order parameter is more diverse than the bare termination observed by scanning tunneling microscopy in Ref. 25 . The latter pertinent observation is suggestive of additional scattering at the experimentally realized surface step compared to our considerations. We therefore introduce an additional potential barrier at the surface step [shown in Fig. 4(a) ], because the surface step breaks the lattice translation symmetry, which can significantly modify the electronic structure and shift the chemical potential. Such a potential barrier always has a detrimental effect on the proximity-induced pair correlations at the surface step. However, in that case we have additional new physics stemming from the fact that potential barrier at the step can be considered as a weak link. To capture those effects, we study DC Josephson tunneling by imposing a phase difference θ between the two sides of the step on the surface 39 . In practice, we set ∆(x < −ξ 0 ) = |∆| and ∆(x > ξ 0 ) = |∆|e iθ on the weak link of width 2ξ 0 where additional potential barrier is applied [see Fig. 4(a) ]. Then, the resulting supercurrent density is calculated as:
The potential barrier U ′ is chosen such that the critical Josephson current I c can always be found for 0 < θ < π, as seen from the I − θ relation in Fig. 4(b) . In this work, the Gaussian potential barrier U ′ is used, i.e.
2 ), where U 0 = 2E F and σ = 0.1ξ 0 . Fig. 4(c) 
Both considered cases exhibit very inhomogeneous flow of current, due to quantum confinement. In Fig. 4(d) , the main current channel shifts from the center/bottom of the film to the top when passing the step on surface. In contrast, Fig. 4(e) shows the case where main current channel remains in the bottom half of the film before and beyond the step. For that reason, the latter case exhibits facilitated tunneling, leading to higher critical current. This is yet another example of a useful property in superconducting devices that can be tuned to very different regimes by atomically small steps in ultrathin films.
IV. DISCUSSION
Arguably the main result of this paper is that superconductivity is strongly and diversely modified on two sides of the surface step, enabling realization of multifunctional superconducting hetero-junctions. This fundamentally depends only on the manner in which superconductivity is thickness dependent -microscopic details do not change the generic picture, although some features may become weaker in cases of very small atomic steps and e.g. presence of considerable disorder.
All our results are obtained by using a simplified model for superconducting thin films, where we considered only the quantum confinement effect on electrons, leading to the quantization of electron spectrum into different subbands 40 . We also assumed the pairing interaction to be the same as in the bulk material, defined by a local interaction with a constant pairing strength V 0 , i.e. V (r, r ′ ) = V 0 δ(r − r ′ ). Finally, we used a high surface potential barrier to confine the electronic motion in the film. Each of these assumptions can be improved so that the model becomes more realistic. For example, electronphonon pairing interaction in thin films is known to deviate from the bulk behavior, 41, 42 as was experimentally reported for Pb atomic thin films. 43 In what follows, we discuss how this and other refinements in the model affect the main results of our work.
First, the pairing interaction deviates from the bulk when electrons are confined in a film. In BCS theory the pairing interaction Hamiltonian is H int = − p,q c † p↑ c † p↓V p,q c q↓ c q↑ with c † p↑ and c q↑ the usual quasiparticle creation and annihilation operators. The interaction matrix element isV p,
with Ψ p ( r) the eigen-wavefunctions. Therefore the pairing interaction matrix elements depend not only on the interaction strength V 0 but also on the eigenwavefunctions Ψ p ( r). In a film with thickness L z , Ψ p ( r) ∝ e i(kxx+kyy) sin(πpz/L z ) so thatV p,q = V 0 /V(1 + 1 2 δ pq ) in the system with volume V. Using this model, Thompson and Blatt obtained the saw-tooth pattern in T c as thickness was varied. 44 Since their pairing interaction is stronger than ours, i.e.V p,q = V 0 /V, the T c is expected to be higher and the saw-tooth oscillations in T c are expected to be more pronounced. As a result, the thickness dependence of superconductivity is more significant. It is worth mentioning that Ref. 45 and 46 also take the energy dependence of the density of states into account, and find the saw-tooth pattern in T c with film thickness is suppressed. However, that would not change our results because this effect has been included automatically in our BdG calculation.
Second, the pairing interaction also depends on the quantization of the phonon spectrum due to the quantum confinement effect. Ref. 47 took this into account by setting a cutoff in the number of phonon modes. Then, only the phonon modes l = 1, ..., l max contribute to the pairing interaction, and the l max , the maximal allowed value of l, is proportional to the film thickness d and the Debye cutoff energy ω D . As a result, superconductivity is suppressed due to the less effective number of phonon modes. However, the saw-tooth oscillations in T c are not affected. In addition, resonance features appear more frequently with the variation of the film thickness. Therefore, the thickness dependence of superconductivity remains significant, hence all our findings qualitatively hold.
Third, Ref. 48 considered the effect of quantum confinement on the electron-phonon coupling strength. In contrast to the studies mentioned previously, the authors derived the phonon-mediated pairing interaction beyond the contact potential approximation in the frame of the Green's function approach. They found the pairing interaction depends on two effects: 1) the screened Coulomb interaction; and 2) the number of phonon modes. The former one drops remarkably when the number of occupied electron subbands increases by one, leading to the suppression in T c . On the other hand, the latter one rises when the number of phonon modes increases by one. Thus those two effects compete with each other and lead to more pronounced T c oscillations with varying film thickness. Therefore, the thickness dependence of superconductivity is still present and is pronounced, though details may be strongly changed.
Finally, a very high surface potential barrier is used in our model in order to create the quantum confinement effect on electrons. For that reason, our results do not exhibit essentially different behavior from the results obtained if an infinite potential barrier is used. 16, 44 However, a relatively low potential is likely a more realistic choice, being set by the work function of the material. In films, the work function is usually suppressed compared to the bulk due to the finite size effect. 49 Refs. 18, 46, and 50 already studied superconductivity in thin films with a relatively low surface potential barrier, and found that the shape resonances of ∆ and T c are still significant but the envelope curve exhibits a reduction with decreasing film thickness. This reduction is induced by the leakage of the electronic wave function across the film surface. Therefore, the thickness dependence of superconductivity will remain evident, though less significant.
When all the aspects are taken into account, we render our main results qualitatively robust against above improvements in the model, albeit fine details may change and some effects can be weaker.
One of the other important results of our work is that the transport ability (e.g. in the propagation of the superconducting pair correlations or the supercurrent) across the surface step increases linearly as d → D, with a quantized oscillatory background. This feature depends mainly on the ratio between the thicknesses of two sides of the surface step and also depends on whether there is a momentum mismatch at the interface where the step is located. As long as the step exists, both these conditions are satisfied. Therefore, the above refinements of the model would not affect the reported transport behavior, characteristic of ultrathin films with a surface step.
V. CONCLUSION
In summary, we showed that surface steps in atomically thin films can lead to a multitude of pronounced and diverse effects on superconductivity. Even if small, such steps strongly modify the effects of quantum confinement in ultrathin films, while also causing significant electronic scattering. We reveal how these effects are tuned by the thickness, temperature, and/or electronic gating, thus enabling the engineering of S-S', S-N' and N-S junctions at the step, nearly at will. The transport properties and the proximity effect across the step(s) also exhibit versatile behavior, even opposite regimes, depending on the thickness. In applied magnetic field, the discussed features will directly affect the properties of vortices (in the film 8 , near the S-S' step 23, 24 , or in an S-N-S' junction between the adjacent steps 51 ), and their behavior in applied current. Further rich physics can be stimulated in these systems by tuning the spin-orbit coupling and applying an in-plane magnetic field 14 . The needed crystalline thin films are readily experimentally available, and that for a range of different materials. Our findings thus present a first step towards ultrathin superconducting circuitry with functionality locally and broadly crafted by 3D atomistic engineering and quantum effects. 
